Abstract. We review the theory of Co-Gorenstein algebras, which was introduced in [4] . We show a connection between Co-Gorenstein algebras and the Nakayama and Generalized Nakayama conjecture.
Fix an artinian ring R and an Artin R-algebra Λ. Let (i) Generalized Nakayama Conjecture (GNC): If P is an indecomposable projective right Λ-module, then P is a summand of P n (DΛ) for some n; (ii) Nakayama Conjecture (NC): If dom. dim Λ = ∞, then Λ is selfinjective.
It is well known that GNC implies NC.
In this note we show a relation between these conjectures and the notion of a Co-Gorenstein algebra, which was introduced by Beligiannis in [4] . More precisely, we show that there exist implications
GNC
Proposition 16 = ======== ⇒ Conjecture 1 Proposition 13 = ======== ⇒ NC .
where Conjecture 1 is as follows:
If Ω n (mod -Λ) is extension closed for all n ≥ 1, then Λ is right Co-Gorenstein. 1 This is Lemma 6.19 part (3) in [4] . Beligiannis claims that it follows immediately from results in [2] . However, this is not clear to the authors, so we state it as a conjecture.
We start by reviewing the construction and properties of Co-Gorenstein categories. In particular, we give some equivalent properties for an algebra to be right Co-Gorenstein, see Corollary 8. In Section 2 we show the implications above.
Throughout the note R denotes an artinian ring, Λ an Artin R-algebra, and mod -Λ the category of finitely generated right Λ-modules. Recall that there is a duality
where I is the injective envelope of S 1 ⊕ S 2 ⊕ · · · ⊕ S n and S 1 , S 2 , · · · , S n is a complete set of representatives of isomorphism classes of simple R-modules. Also, we fix the notation Ω n (mod -Λ) := {M ∈ mod -Λ | there exists an exact sequence 0 → M → P 1 → · · · → P n with P i ∈ mod -Λ projective for 1 ≤ i ≤ n}
Co-Gorenstein categories
Let A be an abelian category with enough projectives, and let A denote the projectively stable category of A. For a morphism f : A 1 → A 2 we let f : A 1 → A 2 denote the corresponding morphism in A. For each object A ∈ A choose an exact sequence 0 → ΩA → P → A → 0 where P is projective. The association A → ΩA induces a well-defined functor Ω : A → A [6, Section 3].
Definition 2. The costabilization R(A) of A is a category with objects consisting of sequences (A n , α n ) n∈Z where A n ∈ A and α n :
Remark 3. Note that there exists an automorphismΩ : R(A) → R(A) given byΩ (A n , α n ) = (A n−1 , α n−1 ) and a forgetful functor R : R(A) → A sending (A n , α n ) to A 0 . Furthermore, there exists a natural isomorphism α :
The tuple (R(A),Ω, R, α) satisfies the following universal property. Let (B, Σ, F, β) be any tuple where (i) B is an additive category; (ii) Σ : B → B is an automorphism on B; (iii) F : B → A is an additive functor; (iv) β :
Then there exists a unique additive functor F * : B → R(A) satisfying
Explicitly, F * is given by F * (B) = (B n , β n ) where B n = F Σ −n (B) and β n : B n ∼ = − → ΩB n+1 is given by
In the following we let P = Proj(A) denote the subcategory of projective objects in A and
the essential image of R.
Definition 4. Let A be an abelian category with enough projectives. We say that A is P-Co-Gorenstein if the following holds:
(i) The forgetful functor R : R(A) → A is full and faithful;
The notion of Co-Gorenstein category was defined more generally for left triangulated categories in [4, Definition 3.13] and for an exact category in [4, Definition 4.9]. However, we only consider the case above.
Remark 5. We explain the name Co-Gorenstein: In [7] the stabilization of A was introduced. It consists of a pair (S(A), S) where S(A) is a category and S : A → S(A) is a functor, and which satisfies a universal property dual to the universal property stated above for (R(A), R) [7, Proposition 2.1]. Following [4] , the category A is called P-Gorenstein if there exists a full left triangulated subcategory V ⊂ A such that the composite V → A → S(A) is an equivalence of left triangulated categories, see [4, Definition 3.13] . This coincides well with the terminology in the literature, since if A = Mod -Λ where Λ is a noetherian ring, then A is P-Gorenstein if and only if Λ is an Iwanaga-Gorenstein ring [4, Theorem 6.9 and Corollary 6.11]. The definition of P-Co-Gorenstein is somewhat dual to the definition of P-Gorenstein, whence the name.
Our goal in the remainder of this subsection is to give a different characterization of P-Co-Gorenstein categories. To this end, let Ω ∞ (A) := {A ∈ A | there exists an exact sequence 0 → M → P 0 → P 1 → · · · with P i ∈ P ∀i ≥ 0}.
Lemma 6. Let A be an abelian category with enough projectives. Then X ∈ im R if and only if there exists
Proof. We only need to show that if X ∈ im R, then X ∼ = A for some A ∈ Ω ∞ (A), since the other direction is clear. To this end, let A i ∈ A be objects such that A i ∼ = ΩA i+1 for all i ∈ Z, and such that A 0 = X. By definition we have that for all i ∈ Z there exists an object P i ∈ P and an exact sequence 0
This implies that there also exists an exact sequence 0 → ΩA i → Q i → ΩA i+1 → 0 where Q i ∈ P. Hence, we have an exact sequence
The proof of the following result is essentially the same is in [1, Theorem 3.3], but for the convenience of the reader we reproduce the argument here. Proof. We prove that (i) implies (ii). Consider the exact sequences
with exact rows, where g is induced from the commutativity of the left square. In particular, we get that Ωg = f . This shows that the natural map A(A, A ′ ) → A(ΩA, ΩA ′ ) is an epimorphism. To prove that is a monomorphism, we assume that we are given a morphism g : A → A ′ as above, and that Ωg = f = 0. This means that f can be written as a composite ΩA Obviously, (ii) implies (iii), so it only remain to show that (iii) implies (i). Let 0 → P → A ′ f − → A → 0 be an arbitrary exact sequence with P projective. We want to show that it is split exact. Let 0 → ΩA → Q → A → 0 be an exact sequence with Q projective. It follows that the sequence 0 → ΩA → Q ⊕ P → A ′ → 0 is also exact, and hence Ωf : ΩA ′ → ΩA is an isomorphism in A. Let h : ΩA → ΩA ′ be its inverse. 
Proof. If A is P-Co-Gorenstein, then Ω : im R → im R is full and faithful. Therefore, by Lemma 6 and Lemma 7 it follows that Ω ∞ (A) ⊂ 1 ⊥ P, which proves (i) =⇒ (ii). The implications (ii) =⇒ (iii) and (iii) =⇒ (iv) are straightforward. For (iv) =⇒ (i), note that Ω : im R → im R is full and faithful by Lemma 6 and Lemma 7. This implies that R is full and faithful. Also, part (ii) in the definition of P-Co-Gorenstein holds since GP(A) is closed under extensions. Hence, the claim follows.
Co-Gorenstein Artin algebras
We now restrict ourselves to the case where A = mod -Λ and P = Proj(mod -Λ) for an Artin R-algebra Λ.
Definition 9. Λ is right Co-Gorenstein if mod -Λ is P-Co-Gorenstein.
By the above results we know that Λ is right Co-Gorenstein if and only if one of the following equivalent conditions hold:
. Note that any Iwanaga-Gorenstein algebra is Co-Gorenstein. The following example shows that the converse is not true.
Example 10. Let Λ := k[x, y]/(x 2 , xy, yx, y 2 ), and let S be the unique simple Λ-module. Λ is a 3-dimensional local algebra with a two dimensional socle, and therefore Λ is not an Iwanaga-Gorenstein algebra as a local algebra is a Iwanaga-Gorenstein algebra if and only if it has simple socle. Note that
because Λ is a radical square zero algebra and thus every kernel of a projective cover is semisimple. Hence, if M ∈ Ω ∞ (mod -Λ) then M ∼ = Λ n ⊕ S m for m, n ≥ 0. Note that in a local algebra, every module has projective dimension zero or infinite and thus the cokernel of a monomorphism of the form Λ n → Λ r is projective. Therefore, any monomorphism Λ n → Λ r is split. It follows that S m ∈ Ω ∞ (mod -Λ). On the other hand, if there exists an exact sequence
then we must have m 1 = 2m 2 = 2m 3 . In particular, we have that S m / ∈ Ω s (mod -Λ) if 0 < m < 2 s−1 . Since S m ∈ Ω ∞ (mod -Λ) we must have that m = 0 and hence
Therefore, Λ is right Co-Gorenstein. Finally, note that
Since Gorenstein projective modules are closed under direct summands and S is not Gorenstein projective, it follows that Mod -Λ is not P-Co-Gorenstein.
Our goal now is to prove the implications between the conjectures. Fix a minimal projective resolution
and a minimal injective resolution
of Λ as a right module. Let X n := add Ω n (mod -Λ) denote the smallest additive subcategory of mod -Λ which contains Ω n (mod -Λ) and is closed under direct summands. Note that X n = Ω n (mod -Λ) in general, see the example after Proposition 3.5 in [2] .
Theorem 11. The following are equivalent for n ≥ 1:
Proof. This follows from [3, Theorem 4.7] .
Unfortunately, the conditions in Theorem 11 are not left-right symmetric, see the paragraph after Corollary 2.8 in [2] . However, the following result shows that after a small modification one obtains a symmetric condition.
Theorem 12. Let n ≥ 1 be an integer. The following are equivalent:
Proof. This follows from [5, Theorem 3.7] .
We now show that Conjecture 1 implies NC Proof. Part (i) follows from Theorem 11 and Theorem 12. We prove part (ii). Let i : Λ → I 0 (Λ) denote the inclusion into the minimal injective envelope. We have exact sequences
and We now show that GNC implies Conjecture 1. Proof. By Theorem 11 we have that inj. dim P n (DΛ) ≤ n + 1 for all n ≥ 0. Now write Λ = P 0 ⊕ · · · ⊕ P m as a sum of indecomposable projective Λ-modules. Since GNC holds, there exists integers s 0 , s 1 , · · · , s m such that P i is a direct summands of P s i (DΛ). Let s := max{s 0 , · · · , s m } + 1. Then inj. dim P i ≤ inj. dim P s i (DΛ) ≤ s i + 1 ≤ s for all 0 ≤ i ≤ m. Hence, it follows that inj. dim Λ ≤ s < ∞.
For part (ii), assume inj. dim Λ = s, and let M ∈ Ω ∞ (mod -Λ). Then there exists an exact sequence 0 → M → P 1 → · · · → P s → K → 0 in mod -Λ with P i projective. It follows by dimension shifting that Remark 17. In Propositon 16 part (ii) we actually prove that
However, under the assumption that Ω n (mod -Λ) is extension closed for all n ≥ 1, we have that Ω ∞ (mod -Λ) = ∩ n≥1 Ω n (mod -Λ). In fact, by [3, Theorem 1.7 part b) and c)] we get that the modules in ∩ n≥1 Ω n (mod -Λ) can be identified with the modules which are n-torsion free for all n, and it is easy to see that these modules are contained in Ω ∞ (mod -Λ).
